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Abstract 

In this paper we construct a new concept of fuzzy /z-normed space and fuzzy 
//-inner product space. First, we show that every /z-normed space can be 
constructed as a fuzzy /z-normed space. Then we show that every /z-normed 
space is a fuzzy /z-normed space and every fuzzy /z-normed space can also be 
reduced to a fuzzy (n -1) -normed space. Furthermore, for every n -inner 
product space can be constructed a fuzzy n -inner product space. Finally we 
show that every n -inner product space is a fuzzy n -inner product space and 
every fuzzy /z-inner product space is a fuzzy /z-normed space. 

Keywords: Fuzzy /z-normed space, fuzzy (n -l)-normed space, fuzzy /z-inner 
product space 


1. INTRODUCTION 

Fuzzy set theory was first introduced by L. Zadeh on 1965. This theory continues to 
evolve in various disciplines. In mathematics, especially mathematical analysis, fuzzy 
concept has been developed in fuzzy /z-normed space and fuzzy /z-inner product. 

Until now, it has been widely found outcomes related to fuzzy normed space and 
fuzzy inner product space. It has been proven in [6] that every /z-normed space is a 
normed space and in [13] and [12] has also been demonstrated that the normed space 
and fuzzy normed space is equivalent so that every /z-normed space is certainly a 
fuzzy normed space. On the other hand, in [15] it has also been demonstrated that the 
2-normed spaces and fuzzy 2-normed spaces are also equivalent. However, 
unexplored in general how are the relationship between /z-normed space with fuzzy 
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/z-normed space and fuzzy /z-normed space with fuzzy normed space. Moreover, [7] 
has proved that every /z-inner product space is an /z-normed space. And [11] has also 
proved that the inner product space and fuzzy inner product space are equivalent. 
Moreover, it also has been proven in [15] that every 2-inner product space is a space 
fuzzy 2-inner product. However, unexplored in general how are the relationship 
between the /z-inner product space and fuzzy n- inner product space and fuzzy 
n -normed space. 

In this paper, first we give a definition of fuzzy /z-normed and fuzzy /z-inner product 
that are different from definition of fuzzy /z-normed in [1] and fuzzy /z-inner product 
in [17] which is also different from the definition put forward by other authors. Then 
some theorems are given to shows the relationship among /z-normed space, fuzzy 
/z-normed space, fuzzy normed space, /z-inner product and fuzzy /z-inner product 
space. For more details, one can see a chart in the Figure 1. (Blue arrows show the 
new theorem in this paper) 
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Notes'. /zNS: /z-Norm Space; F/zNS: Fuzzy /z-Normed Space; 

/zIPS: /z-Inner Product Space; F/zIPS : Fuzzy n -Inner Product Space. 


Figure 1. The relationship among /z-normed space, fuzzy /z-normed space, /z-inner 
product space and fuzzy /z-inner product space 


2. DISCUSSION 

Let X be any nonempty set. Then a fuzzy set A in A is characterized by a 
membership function ju A : X —» [0,1]. Then A can be written as 


^3 = {<X/L(-*■))!* e X,0<ju A (x) <1}. 
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Definition of fuzzy point has been widely discussed by various authors, among others 
are as follows [9-13 and 15]: 


Definition 1 A Fuzzy point P in I is a fuzzy set whose membership function is 


/F> (y) 



if y = x 
if y # x 


for all ye A, where 0<a<l. We denote fuzzy points as x a or (x,a). 


Definition 2 Two fuzzy points x a and y p is said equal if x = y and a - ft 
where a, ft e (0,1J. 


Definition 3 Let x a be a fuzzy point and A be a fuzzy set in A. Then x a is 
said belong to A or x a e A if a<fuftx). 

Let X be a vector space over a field K and A be a fuzzy set in X. Then A 
is said to be a fuzzy subspace in X if for all *, y e A and AeK satisfy 

(i) M A (x+y)>rmn{ju A {x),ju A (y)} 

(ii) jii A (Ax)> jiiftx). 


Fuzzy normed space is defined in various ways. The definition based on an 
instituinistic approach is different from the fuzzy point approach. The following are 
given the definition of fuzzy normed space based on the fuzzy point approach as 
discussed on [15], and definition of fuzzy normed used in this paper is as given by [1] 
and [15]. 


Definition 4 Let A be a vector space over a field K, and let ||-|| : A—>[0,oo) 

be a function that associates each point x a in A, a e (0,1] to nonnegative real 
number l-l so that 

(FNl) ||jc a || =0 if only if jc = 0. 

(FN2) \\Ax a || =1 A I \\x a || for all A e K. 
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(FN3) |K + ^|L = |M/ + IM 


(FN4) If 0 < a < a < 1, then 


that lim 


= PL 


I / 


. Then 


called a fuzzy normed space. 


x a\\ f - \\ X A an( l there exists 0<a n <a <1, 
is called a fuzzy norm on X and a pair (X, Il¬ 


ly 


such 

) is 


Definition 5 Let ns N dan X be a vector space over R with dim(X) > n. 
Define function II-, _, -11: X x X x---x X —» R with {x l ,x 2 ,...,x n )\-^\x l ,x 2 ,...,x n \ . 

n times 

Function ||-,_,-|| is called n-norm on X if for every x l ,x 2 ,...,x n , y,z e X satisfying 

the conditions: 

(nNl) ||x 1 ,x 2 ,...,x„|| = 0 if only if x v x 2 ,...,x n linearly dependent. 

(«N2) \\ Xl ,x 2 ,...,x n \\ invariant under permutation. 

(nN3) =1 a I |j^,jc 2 ,...,jc ii || for any asR. 

(nN4) \x l ,x 2 ,...,x n _ l ,y + z\<\x l ,x 2 ,...,x n _ l ,y\ + \x l ,x 2 ,...,x n _ l ,z\. 

A pair (X;||-,...,-||) is called n-normed space. 


From definition of //-norm and fuzzy norm on X above, based on the //-normed 
construction on [6], the author constructs a new function to produce a new space that 
called fuzzy //-normed as follows. 


Definition 6 Let ns N and X be a vector space over R. Define function 

II-,_,-II : Ax Ax---x A —> [0,oo) 

J n times 


where 


(x 


,(i) 

(1) ? ' 


.( 2 ) 


h-> x [ ",x 


( 1 ) U2) 


...,X 


(n) 


with a 0) e(0,l] and x^ n e A for i = 1,2,...n. Function ||-,...,is called Fuzzy 
n -normed if satisfy the conditions : 

(FnNl) =0 if only if x (1, ,x <2) ,...,x ( ' !) linearly dependent. 
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(F//N2) x^ n) invariant under permutation. 


(FnN3) x%,xff,...,rxff =1 r I for \/r<=R. 


11/ II " a a 11/ 

.(1) A"~ 1) „ ,,11 ^IL(l) A»~ 1) „ II , || Yl) 


(FnN4) r (1) r ( "“ 1) V +7 < r (1) P"'" V + r (1) r'"- 1 ' 7 

(F«N5) If 0</?, < a (,) < 1 for i = l,2,...,n then 

< I 


r (D r (2) r (n) 

a' 1 ’’ a' 2 ' - "’ V"|l/ " 


lim 


V (D r ( 2 ) An) 
a (1) ’ a (2) ***’*Av< n > 


.m a 2 ) 

...,x <n: 

i 

'A ’Pi ’ 

’ Pn 

/ 

:) <a a) 

for i 

= 1,2,..., n and m e N such that 

S ^ 8 

II 

A n ) 

a<">||/- 


A pair (X is called Fuzzy n-Normed Space. 


In [13], [12] and [10] it is proved that every normed space is fuzzy normed space. 
Conversely is also true. In other side, in [15] it is also mentioned that 2-normed space 
and fuzzy 2-normed space is equivalent. The following is given a theorem that 
ensures that any every //-normed spaces is fuzzy //-normed space. 


Theorem 7 Let nsN, X be a vector space over R and dim(X) > n. Suppose 
( X ;-||) is n-normed space. Define 

|| Y ( 1 ) v < 2 ) r <»> || __L|| V ( 1 ) v ( 2 ) r (n)|| 

|| «(«’ «< 2 >’-”’«("> ||/ “ ^11 ’ II 

where 8 = max{a (l) , a (2 \ ...,a ^ }. Then (X ) is fuzzy /z-normed space. 


Proof. Suppose x ( £ n ,y fJ ,z y eA, a in e (0,11 for i = 1,2,..., n and re/?. Then 

1 


(F/jN1) 


r (l) r ( 2 ) An) 
a m ’ A 'a m, "‘ ,A a M 


= 0o- 
f 8 


v (l) y ( 2 ) An) 

A } A 5 ... 5 


= 0 


«• \\x a) ,x (2) ,...,x M \\ = 0 

<=> x (I) ,x (2) ,...,x (n) are linearly dependent. 


Y d) y ( 2 ) An) 

A ^ As ^ ... ^ As 


(F«N2) Since 


is invariant under permutation, then 
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La) r (2) 

||a (1 >’ a (2 >,' 

Y <") 

r (D r (2) 

a (1) ’ a (2) ’- 

II 


is invariant under permutation. 


- - II -y*' ' ' »/• y* 

— A • A •••••/ A 

f 8 11 


(») 


= 0 r | i 1 \x ' V. . !t|| 

=| r 4||i‘>,; [ l 2 >..i|| l 


=1 r 


1 ) ( 2 ) n ( 


(FftN4) = x l J,,...,x^’,(y + z) T with r = ma x{j3,/) 


1 


= — ||x ( n< , V+ zll and S = max{a ,.!.'Sc " ,t) 

5 11 L 


<—( x ( x ,V + x ,z 


i) 


„ ( 1 ) n4 1 . A ( 1 ) 77- 

= — \\x ,-,x n ,V +— X ,..\,X , Z]| 


S' 


i) 


silk'.’...*" ,V|+4h kl ” 


S 


& 


= l , ) ...,x < ' n J ) ( ,y v + x (1 ( iz 

a> ’ a K y P f cc ’ cc ' f 


where <5j = maxja 1 n< ,//} and S 2 = max {a " ,/} 


(F/ 7 N 5 ) Suppose 77 = max {/?,.} and ^=max{a (,) }. 


1 1 


If 0<p,<a (,) <1 for i =l,2,...,n, then ij<S, such that — <—. Then 

5 ?i 


a> ’ a y 


jo 1 


- 1 bc (1) x (2) 


jll ’ ’ 


<-|bt (1) ,* (2) ,. 

,.,x (n) 

7 1 


_|La) „(2> 

x<i. 

|| A ’"Vj 

A, 11/ 

>r i = 1 , 2 ,..., ft. 

Since 


there is a sequence ) di H i for 7 = 1,2,...,ft that converges. Construct 
sequence (off) where for i = 1,2,...,n. Then sequence (««>) 
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converges to a {l> for i = l,2,...,n. If 8 m = max {a < ‘ > } and 8 = max {a in }, then 

ie{l. n) ie{l. n) 

sequence ( 8 m ) converges to 8 such that 


lim 

m —>oo 


4D 


,X 


( 2 ) 



1/ 


lim — 

m—>oo 




]_ 

8 




= x 


.(i) 


( 2 ) n 


□ 


In [6], it is described that every /z-normed space is norm space. The following 
is given a theorem which states that fuzzy n-normed space is fuzzy normed space. 


Theorem 8 Let ) be a fuzzy //-normed space for all n > 2. Define 

II II II (1) («—1) II i II ( n ) || 

FsWf || 7 +||^’«^)| / 

where a ( 'J v> ,...,a ( ff are linearly independent vectors. Then (X,||.|| ) is fuzzy 
normed space. 


Proof. (FN1) If 

II (1) (n-l) || || 

\\x S , a J n ,-, a a Jy\\ f =|| 

dependent. But, since 
Since x,, a ( f ,...,a ( "7-n 

|| ° a a 


x s =0 


x s ,a 


( n ) 


a 


( n ) 



then obviously ||x^|| =0. If 

|| =0. Since ||x, ; ,a ( "„ ) J = 0, then 
11/ II 5 CP ' II 

linearly independent, then x s = t 
then 


||x^| =0 then 
x s ,a ( Jl, linearly 
for some t e R. 


In other side, since 


( n ) (1) 

n n K 
*•*(«) * **( i) ’ • 


,a 


X s =ta% = Oaff =0. 


(n-l) 

|| f 
,(«) _< 


>0 


t a w a [ ) a u 1 =0 

V 1 ’ V 1 ’'"’ V 1 ) f 


ir| a '"> =o 

a (n) ’ a (I> a ( " _1) f 


a (1) a (n) 

^ (1) 9 * * *9 C4 ' (M 


are linearly independent 
so must necessarily 1 1 1= 0 or 1 = 0. 


vectors. Then 
Consequently, 


(FN2) \\Ax s \\ f 


= \\Ax s ,a ( 'f,...,a 




+ 


Ax s , 


a 


(n) 
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=u |jc, ^V,, |^+ x |i, a;„|' ( 

<h II 1 u 

.-(Ill ft 


_I 2 ll V /J ( 1 > ^ n< 1 ) I v U " II < \) 

l A I Xs q (]) , a. i p - x? n 


=U x. 


i/ 


(FN3) Xy + y r f = x 5 + y r , a^,,.., + ** + y r , 


An-1) 
« l "- n 1/ 


(«) 

r’'V"' / 


n ~i 

jcQ- { 

a v 

||)HI 

r y 

Q 

a 

(i) 

( 1 V 

n ~i 

a, 7 -( 

a K 

||)HI 

& 

n 

a 

a ^ 

m 




y # 

J a 


a II / 

( 1 ) -n 
< ii 7 


| ^ 

i) 

.ii i y > 


|,fl 

a 


= x *, + y. 


(FN4) If 0 < cr < S < 1 then use (F/?N4), 


x d ,a^,...,a^ f < x a ,a^,...,a%U f and x s ,a%l, f < x a ,a ( J n) f . 


So that 


II r II = r a W a (n_1) 

ll^lly a ( D ’**■’ U a ("-D y 


H - JC < X o!' 11 ^ X Ol' 1 ^ — X 

' _ A ff ,a a( 1 ) ,...,a ffM -r A a ,u^ (7j) ^ y« 


« (M) li/ 


Further, there exist 0<<cr° for i = 1,2,fz and meN so using (FnN5), 


lim 

m—> oo 


x a (1) a (M_1) 


= x ) .7/'n J ,."7/'";'n and lim 

y “ u J m— >00 


V a (,,) 

’ U /y (n) 


= x,,a {n ) n) . 

/ 5 ' f 


So that 


lim 

m—>oo 


x,. 


= lim 

/ ra—> co 

= lim 

m—>oo 


x a (1) a ( " _1) 


+ 


/ 


x 

’ «<"> 


x a (1) a ( " _1) 

A <5 > W „( 1 ) >•"> W (n-l) 


x a (1) a (B_1) 

' v <5> M „(l) ’ «("-') 


+ 


+ lim 

y m—> co 

x a^ fl ^ 

S' «(») 


x 


= Ac 


□ 


In [6], it be proved that every //-normed space is (n-1) normed space. The 
following, we will proof a theorem which states that every fuzzy //-normed space is 
fuzzy (n-\) normed space. 
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Theorem 9 Let (X, ) be fuzzy n-normed space for all n > 2. Define 


r d) (2) (n- 1) ““ _ (1) (2) (n- 1) (0 

V>’>. f V">. f 


where a® 1) ,...,a^ ) are linearly independent vectors. Then (X,|.,...,.||“) is fuzzy 
(n-l)-normed space. 

Proof. 

(1) If .,*££> are linearly dependent, then a^,, xff , cAf for 

i = l,...,n are linearly dependent too so that x'^, x%x r f'La {! J t] =0 for 

OP CP CP [3 j- 


i = l,...,n. As a result. 


x %. *2-3 f = °- Conversely, if 


(1) r (2) r ( "- n =0 then jc ( 1) r (2) y ( " _ 1) <7 <0 -0 for i = 1 « 

(!) ? •'*' (2) ? • • • ? ^ (n—1) (1) ?-A- (2) ? •••? •*' („_i) ? ~(j) w 1W1 £ 


||V'’ X a( 2 >’"”V- 1 )|| / U ’ 11 

Phen r (1) r <2) r ( " _1) a <« 

1 lien * a m ’ „C 2 ) ’ " a'"- 1 ) ’ u p‘ 

Qro 


Then .C'i,,.r^,,..., ,rj„ ,j,a^ 0 for i=l,...,n are linearly dependent. Since 


a",a",,, are linearly independent vectors, then we must have 
x % ’ x< a<i< ’ • • • ’ X a<"-» linearly dependent. 

(2) Since v r 'd, x ( %,..., x ^'J ,, af. is invariant under permutations, then 

OP OP OP p j- 



11(0 (2) 

Y (n-1) II 


|| a (1) ’ a (2) ’" 


(3) 

II r (1) r (2) 

|| a (1) ’ a< 2) ’" 



is invariant under permutations too. 


- mflY r (1) r (2) rr (n_1) n a) 

f /“ *)( « (1) ’ « (2) ’'"’ 


- mflY I r I r (1) r (2) r (n-1) // f,) 

j « (1) ’ V)’-’V 1 )’ V' / j 

-I r I mJr (1) r (2) r ”- ( JO* < 1 

Mild 1 > \ < 2 > ’ a < % f ’ /}> 


=1 r I iJ 2 , , r ( (V, ,2,X\ j J for all r < 

a a a f ’ 


(A) r (1) r (2) r ( "- 2) v + 7 = max X (0 v (2) X^ 2) V + 7 fl (0 

W A a <i>, a( 2) ’" - , a ( "- 2 )’-L c XZ ,o f l)j V’V 1 ./ 


< mnv <J|Iy (1) y (2) v ("- 2 ) ,, , Y ui v l 2 l Y l"-A> _ n W 

— , 3 n ,,i ill a (1) ’ a < 2 ) a ( ”" 2) ’ T a (1> ’ a <2) ’‘« ( "~ 2) ’ A»’ 


.(1) r (2) (n-2) 

«(D ’ «< 2 ) ’ a'- 2 )’ 


= max < a ,,, v 


(1) v(2) ^(«-2) 


f +.™ a ^ ) p a (i) ’ - *V 2 > ’ X a ^ 2} ’ 


_ Y d) r (2) r («-2) ,, _i_ r (D t ( 2) r («-2) _ 

>’>.V 2 *’^ f ^ a (1) ’ a (2 '’ - "’ a ( "- 2 >’^® f 
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(5) If 0<p t < a (l) < 1 for i = 1,2,...,n-l then 


r (D M) An- 1) | 


H -Q max 
11/ 


< max 


r (D r (2) r (»-D Ai) 

a ' a < 


v 0> y ( 2) „(n-l) _(0 

"*A ’-V ’-’"Vi ’ v» 


_ Y d) r (2) An- 1) 

X A ,X P2 ’"'’>,-1 f 


and there exist 0 < a ( f < a U) for i = 1 , 2 ,..., n-l and 0 < fff < [f n for i = l,2,...,n 
and m e iV such that 


lim 


Y (l) y (2) An- 1) 

-V 1 ) ’ "V 2 ’ a'r‘) 


= lim max 

f m —>oo *e{ 


,m A 2 ) 


>-D W) 




: max •' lim 

ze{Im—>oo 


r (D r (2) r («-l) n (J) 

** (1) 5 ** (2) •••> •* (n-l) 5 U Mi) 
u m w //z Pm 


max 

ie{ 


(1) (2) 

An- 1) Ai) 

\ 

X a m,X a™’" 


/J 


r d) (2) An- 1) 

a (1) ’ a (2) ’'" ’ 


□ 


Corollary 10 Every fuzzy /z-normed space is a fuzzy (n - r) -normed space for 
r = l,...,n —1. In particular, every fuzzy /z-normed space is a fuzzy normed space. 


Proof. This is a direct result of Theorem 9. □ 

Corollary 11 Every /z-normed space is a fuzzy normed space. 

Proof. Apply Theorem 7 dan 8 . □ 

Whereas the relationship between the normed space and the fuzzy normed space 
and vice versa has been discussed in [5] and [ 6 ]. 

Theorem 12 Let (X,||.||) be a normed space. Define ||.v f/ 1|^ = 77 ||-v| for all x a e X 
where a e (0,1]. Then (X, ) is a fuzzy normed space. 
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Theorem 13 Let (X,||.|| ) be fuzzy normed space. Define ||x|| = = ||(x,l)|| / 

for all xeX. Then (X,||.||) is a norm space. 

Corollary 14 Every fuzzy //-normcd space is a norm space. 

Proof. Apply Corollary 10 dan Theorem 13. □ 

The following is given the definition of //-inner product that is different from the 
definition in [7] and [2]. 

Definition 15 Let neN and n > 2 , X be a vector space over R and 
dim(X) > 77. Function (■,■ I ■,..., ■): X x X x • • • x X —> R is called //-inner product on 

X if for every x 1 ,x 2 ,...,x n ,y,z e X satisfy the conditions : 

(nlPl) I x 2 ,...,x n ) > 0 and 

(x l ,x l \x 2 ,...,x n ) = 0 if only if x l ,x 2 ,...,x n linearly dependent. 

(nlP2) (x 1 ,y\ x 2 ,...,x n ) = (y,x 1 \x 2 ,...,x n ). 

(//IP3) (xj,y I x 2 ,...,x n ) invariant under permutation x 2 ,...,x n . 

(nIP4) (x l ,x l \x 2 ,...,x n ) = (x 2 ,x 2 \x 1 ,x 3 ,...,x n ). 

(nlP5) (ax x ,x x I x 2 ,...,x) = a(x l ,x l I x 2 ,...,xf) for Va e R. 

(«IP6) (y + z,x x I x 2 ,...,x n ) = (y,x l I x 2 ,...,x n ) + (z,x l I x 2 ,...,x n ). 

A pair (X,(-,- 1 is called//-inner product space. 

Definition 16 Let A be a vector space over K-C atau K-R. Define function 

(•, ) f : A x A -> K with (x a , y p ) = (x, y) (T) for every x a ,y p ^ A, where 

T = min {a,j3}, and a,/?e(0,l]. For every x a ,y p ,z r el, A = min {a,j3,y} 
and a,/3,y e (0,1]. Function ( v ) ; is called fuzzy inner product if it satisfies the 
conditions: 
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(FIP1) (x,x)(X)> 0 and (x,x)(X) = 0 if only if x — 0. 

(FIP2) (x, y) (A) = (y~xj(A). 

(FIP3) (rx, y } (A) — r (x, y) (A) for Vr e K. 

(FIP4) (x + y, z) (A) = (x, z) (A) + (y,z ) (A). 

(FIP5) If 0<cr<a<l then (x,x)(«)<(x,x)(cr), and there exist 0 <a n <a so that 
lim (x, x) (a n ) = (x, x) (a). 

A pair (X, (•,•) ) is called fuzzy inner product space. 

From definition of n-inner product and fuzzy inner product on X above, can be 
constructed a new function called fuzzy //-inner product as follows. 


Definition 17 Let //eNand/i>2 , X be a vector space over i? and 
dim(X) > 77. Define function 


AxAx'”xA->[0,co) 

n+l times 


with 



where A = min {« (,) }, a <0 e(0,ll and (x (,) ) (0 e A for i = 1,2,... n. Function 

is called fuzzy //-inner product if it satisfies the conditions : 

(FtjIPI) (x ( 1 ) ,x (1) I x (2) ,...,x ( " > )(X) >0 for Vx (1) ,x (2) ,...,x" !) ef(X) and 


(x (1) ,x (1) 1 x (2) ,...,x < " > ^(X) = 0 

if only 

* -c* (1) (2) (n) 

ir x,x 9 ...,x are 

linearly 

dependent. 




(F/7IP2) ^x (1) ,y 1 x (2) ,...,x ( " ) ^(/l) = ^y,x 

(1) lx (2) ,..„ 

x ( '°) (A) where A = min 


(F/7IP3) (x (1) , y 1 x (2) ,...,x < " ) )(/l) 

invariant 

under permutation 

where 


A = min {a (, \j3}. 


(F/7IP4) (x (I) ,x (1, lx (2) 




)U) 


= (X 


J2) v (2) | ^(1) v (3) 


,X 
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(FnIP5) (rx a \x iU I x (2) ,...,x w ^(A) = r(x a) ,x w I x (2 \...,x (n) ^(A) for Vr e R. 

(FnIP6) (x (1) + z,y\ x (2) x (n) )(A) = (x (1) , y I x (2) ,x (n) ) (A) + (z,y I x (2) ,x (n) ) (A ). 

where * = 

(F«IP7) If 0 < a < p <\ then 

(x ( V (1 Mx (2 \...,x (n) )(p)<^^^^^ 
and there exist 0 < p m < p so that 

lim/x (1) ,x (1) I x (2 \...,x (n) ){p m ) = /x (1) ,x (1) I x (2 \...,x M \(p). 

A pair ) is called fuzzy n-inner product space. 


In [11] it is proved that every inner product space is fuzzy inner product space. 
Conversely is also true. The following is provided theorem that ensure that every 
n-inner product space is fuzzy n-inner product space. 


Theorem 18 Let 1 be a n-inner product space. Define 

.l .= . 


r (l) r (l) I J 2) v (l) 
a m ’ 


Then ) is a fuzzy n-inner product space. 


Proof. (FnIP 1) (x (1) , x (1) I x (2) ,..., x (n) ) (A) = - (x (1) ,x (1) I x (2) ,..., x (,!) ) > 0. 

' A' ' 

(x (1) , x (1) I x (2> ,..., x (n) ) (A) = 0 j (x (1) ,x (1) I x (2) ,..., x (n) ) = 0 


<=> 


(x (l \x (l> lx (2) ,...,x (n> ) = 0 

linearly dependent. 


(1) (2) (n) 

PP X X X 


(F/zIP2) ^x (1) , y I x <2) ,...,x ( ' ,) ^(/l) = -^(x (1 \ y I x (2) ,...,x (,!) ^ 
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= j(y,x« ) lx (2) ,...,x w ) 

= (y,x (1) lx (2 \...,x (n) )(/t). 

(F«IP3) Applying (nIP3), that is ^x (1) , y I x (2) ,...,x {n) ^ is invariant under permutation 
x (2) ,...,x (n) . Then ^x (1) , y I x^,...,x in)S j(A) = -^x (1> , y I x (2) ,...,x (n) ^ invariant under 
permutation where A= min {a { '\j3}. 

(FnIP4) ^x (1) ,x (1) I x (2) ,...,x (n> ^(A) = -^x (1) ,x (1) I x (2) ,...,x (n) ^ 

= ^(x (2 >x Tx , ( P ,. ( . 3n A;) 

= ^x ( 2 , ) x ( f !x x* , ! A 

(FnIP5) ^rx (1) ,x m I x (2 \...,x (n) ^(A) = ^rx (1) ,x (1) I x (2) ,...,x (M) ^ 

= ir(iV x ( Px () 

= ri(i 1 >x ( l , x, ( . 2 . ) ."|) 

= r(iV xTx , ( . 2 .\*) T ( < ) foEll 

(FnIP6) (x (1) + z,_yIx (2) ,...,x (n) ^(A) = — ^x (1) +z>yIx (2) ,...,x (n) ^ 



where A= min {a ( 0 ,/?,ri. 

ie(l,...,n} 


(FnIP7) If 0<cr<yO<l then — . We get 

P cr 
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p x ' p ' 


(x W ,x a) \x (2) ,...,X (n) )(p)<(x m ,X (l) \x (2) ,...,X M )((T) 

and there exists 0< p m < p with p m converges to p . So that 

\imlx m ,x m \x (2) ,...,x M )(p m ) = lim — (x (1) ,x (1) \ x (2 \...,x M ) 

m—>co \ / m —>co r\ ' ' 

r m 

= -(x (1) ,x (I) lx (2) ,...,x (n) ) 
p v 7 

= (jc ( 1 ) ,x ( 1 ) Ix ( 2 ) ,...,jc ( ' ,) )(p). □ 

In [11] it is proved that every fuzzy inner product space is fuzzy normed space. 
However, conversely is not true. For example, one can see in [9]. In other side, in [15] 
it proved that fuzzy 2-inner product space is fuzzy 2-normed space, but for general 
case has not yet provided. The following is given a theorem which ensures that every 
fuzzy //-inner product space is a fuzzy //-normed space. 

Theorem 19 Let (X,(•,• I be a fuzzy //-inner product space for n> 1. 

Define 

|| V (D v (2) Y (n) II _/ (1) (1) I (2) (n) \4 

II « <u ’ « <2) ’ a 1 " 1 11/ “V ««■)’ 1 a« 2 >’•••’«<">// 

with a U) e(0,l] and e A for i = then (X;||-,„.,-|| ) is a fuzzy 

//-normed space. 


Proof .(F//N1) \\x%,x™,...,x%\\ f = 0 <=> ,x® I x ( f 2) ,...,x ( f n) ) f =0 

<=> x (1) ,x <2) ,...,x (,!) linearly dependent. 
(F//N2) llv'n, , x <2 2) ,...,x Cn f II invariant under permutation. 


|| r(D 

IrV” ’ 

x (2) 
(2) 
er ' 

(2) 


X a< 2 >’- 

’ *a ( " 

(2) 

„(«) 

,x a(2) ,... 



V»’ "V‘> 1 a l2 >’ 
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= 1 r /r (1) rr (1) I x (2) X v ' 

\ ' \ ^ a (l) 5 ' A a d) 1 ^(2) ’*•*’ -^VyO 


O) 


= I r (rx%,x% I x%x^l 


2/ (D (1) | (2) (h) 

\V”V V 2) ’ 


=1 r I (x^,,, Ax^, I X® , • • •> V 


a cr 


=1 r I x (1) x (2) x' 

I / I A^i, , ^(2) ) •••> 


(«) 


/ 

for all re/?. 


.0) r ("-D 

? •••>-*' fn-n 


(F/zN4) [1^ x£> ,y, + z r \\ f ) =\j\y fi + z r ,x",...,. a . n/ 

= (^ + V^ + z r ljc 2»-’^>)y 

=( yp >yp+ z r 1 x % ’ • • • ’ x 2-> . )j 

={y P + ^yp^ x ^---^) f + {yp +z r z ^ x ^- 
= {yp^yp + ( z r’^ + {yp ,z r 

+ {z r ,z r Ix^D.-.-.X^J^ 

= (ty’V x i ()l) ’• • • ’ X l ( "~ 1 > ) f + 2 (^V Z r ' X i« ’ • • • ’ f + ( z r’ z r ' ''V 1 * ’ ‘ ‘ 1 ’}, 






Y (l) r ("-D 

•^(l) J •••? •*' (n-1) 


+ 2 


Y d) y («-d _ Y d) Y (»-n , _ Y o) y (»-d 

V )v "’ a '- 11 f f V •V 1 ) ’ - "’‘V"- 1 * f 


i (1) (n-1) . (1) 0-1) 


= (|x2»-xi^.^|| / + | JC 3«.-. JC S^.Zr|| / ) • 


so that 


(1) (n-1) . \ ^ (1) (n-1) . (1) (n-1) 

x^.-.x^.^+Zy < x^,...^,,^ + x a(1) ,...,x a(lM) ,z r 


(F«N5) If 0< p t < o U) < 1 for i-1,2,...,n then 


Y d) r (2) Y (n) _/ Y (l) r (D | r (2) r <«) \ 2 

a<‘) ’ "V 2 > «<»> f X a® ’ "V> ' a (2) 


< 


Y d) Y d) I v (2) v (n)\ 2 

X A ’ X A X P 2 ’''' ’ X A, / f 


_ Y U) v (2) Y («) 

X A ,X Pi ’"' ’ "a. f 
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and there exist 0 < a'f < a u) for i = 1,2 ,n and m e N so that 
lim 


„(i) 


( 2 ) 


X n) 5 X / 2 ) •••yX 


*.(«) 


= lim ( jc M) 

m —>00 \ <*/ 


,(1) 


„( 2 ) 


Jri) 


:(1) > ^„(l) I -X (2) X („) 


Corollary 20 


= lim I 


- ( r (1) r (1) I r (2) r' 

\ (1) 5 •*• (!) 1 -^^,(2) ? ... 5 A 


a a 


(«) \ 2 

.(«) 


^ v ( 1 ) r ( 2 ) -a ||( 

Every //-inner product space is fuzzy /z-normcd space. 


( : 
/ 
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□ 


Proof. Apply Theorem 18 and 19. 


REFERENCES 

[1] Bill Jacob., 1989, Linear Algebra, W.H. Freeman and Company, New York. 

[2] Erwin, K., 1978, Introductory Functioned Analysis with Applications, John 
Wiley and Sons. Inc. 

[3] Gunawan.H., and Mashadi., 2001, "On finite-dimensional 2-normed spaces, 
Soochow J. Math, 27, pp. 321 - 329. 

[4] Gunawan, H., and Mashadi., 2001, “On /z-normed spaces,” hit. J. Math. Math. 
ScL, 27,pp. 631 - 639. 

[5] Gunawan, H., 2002, “Inner Products On /z-Inner Product Spaces,” Soochow 
Journal Of Mathematics., 28, pp. 389 - 398. 

[6] Gunawan, H., 2002, “On zz-inner products, zz-norms and the Cauchy-Schwarz 
inequality,” Sci. Math. Jpn., 55, pp. 53 - 60. 

[7] Kider, J. R., and Sabre, R.I., 2010, “Fuzzy Hilbert Spaces, ” Eng. Tech. J. 28, pp. 
1816 - 1823. 

[8] Kider, J. R., 2011, “On Fuzzy Normed Spaces,” J. Engineering and Technology, 
29, pp. 1790-1795. 

[9] Kider, J. R., 2011, “Completion of fuzzy normed space,” Eng. Tech. J. 29, pp. 
2004 - 2012. 

[10] Kider, J. R., 2004, “Fuzzy Focally Convex,” Algebra, Ph.D. Thesis. Technology 
University, Baghdad. 



4812 


Mashacli and Abdul Hadi 


[11] Kider, J. R, 2012, “New Fuzzy Normed Spaces,” J. Baghdad Sci., 9, pp. 559 - 
564. 

[12] Mashadi., and Sri Gemawati., 2015, “Some Alternative Concepts for Fuzzy 
Normed Space and Fuzzy 2-Normed Space,” JP Journal of Mathematical 
Sciences, 14, pp. 1-19. 

[13] Misiak, A., 1989, ’Vinner product spaces,” Math. Nachr., 140, PP.299 - 319. 

[14] Narayanan., and Vijayabalaji, S., 2005,’’Fuzzy //-normed linear space,” Ini. J. 
Math. Math. Sci., 24, PP.3963 - 3977. 

[15] Parijat Sinha, On Fuzzy 2-Inner Product Spaces , International Journal of Fuzzy 
Mathematics and Systems, 3 (2013), 243 - 250. 

[16] S. Vijayabalaji and Natesan Thillaigovindan, Fuzzy //-Inner Product Space, 
Korean Mathematical Society, 43 (2007), 447 - 459. 

[17] Zadeh,L.A., 1965, “Fuzzy Set,” Information and Control, 8, pp.338 - 353. 


View publication stats 



